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The Area Between Two Curves

a

Let f and g be continuous functions such that
f(x) > g(x) on the interval [a, b].

Then, the area of the region bounded above by
y = f(x) and below by y = g(x) on [a, b] is given by

[7Tf00-g(x)]dx




Example 1

Find the area of the region bounded by the x-axis, the graph
of y = —x? + 4x — 8, and the lines x = -1 and x = 4.

Solution:

The region R Is being
bounded above by the
graph f(x) = 0 and
below by the graph of
gX) =y=—x>+4x -8
on [-1, 4]




Example 1 — Solution

Therefore, the area of R is given by
[T 09-g00]dx=[" [0~ (- +4x-8) ¢

4
- L(XZ —4x+8)dx

1 4
== %3 —2x° +8xX
3 L

: E (4)° —2(4)’ +8(4)} —E (-1’ —2(-1 +8(—1)}

=312




Example 2

Find the area of the region bounded by f(x) = 2x — 1,
gX) =x?2—-4, x=1,and x =2.

Solution:
Note that the graph of f always lies above that of g for all X In

the interval [1, 2] 'y y=2x-1

/y=><2—4




Example 2 — Solution

cont'd

Since the graph of f always lies above that of g for all x in the
interval [1, 2], the required area is given by

1100 -g0a)x=] T(2x - - ) o

2
- J’lz(—x2 +2X+3)dx = —%xe’ + X +3X

1

- (_% (2)° +(2)° +3(2)j—(—%(1)3 +(0)° +3(1)j




Example 3

Find the area of the region that is completely enclosed by the
graphs of f(x) =2x -1 and g(x) = x?—4.

Solution:

First, find the points of intersection of the two curves.
To do this, you can set g(x) = f(x) and solve for x:

X°—4=2x-1
X —2x-3=0

(x+1)(x-3)=0

so, the graphs intersect at x = -1 and at x = 3.




Example 3 — Solution

The graph of f always lies above that of g for all x in the
Interval [-1, 3] between the two intersection points:

[E y=2x-1




Example 3 — Solution -

Since the graph of f always lies above that of g for all x in the
interval [-1, 3], the required area is given by
b 3
ja [ £ (X)—g(x)]dx = L[(Zx—l) —(x*—4) Jax
3

:fl(—x2 +2x+3)dx :—% X + X +3X
1

[0+ +30 | 4y 3

~10
3




Example 4

Find the area of the region bounded by f(x) = x? — 2x -1, g(x)
=—e*—1, x=-1,and x=1.

Solution:

Note that the graph of

f always lies above that
of g for all x in the
Interval [-1, 1]:




Example 4 — Solution

cont'd

Since the graph of f always lies above that of g for all x in the
interval [-1, 1], the required area is given by

J.[f00-g00]ox=[ [0¢ ~2x-1- (" -1 Jox

1

:j_ll(xz —2Xx+€")dx :%x?’ —X°+e

=

(300 |- Fr -]

=E+e—lz302
3 e




Example 5

Find the area of the region bounded by f(x) = x3, the x-axis,
x=-1,and x=1.

Solution:
The region being considered is composed of two subregions

R, and R: N X:1/y2x3

4

1




Example 5 — Solution

To find R, and R, consider the x-axis as g(x) = 0.

Since g(x) = f(x) on [-1, O], the area of R, Is given by

R = [ {90~ ()]

- j_ol (0—x°)dx =— fl x dXx

:—£X4

+y

x=1

4

/y:X3

1




Example 5 — Solution

To find R, and R, consider the x-axis as g(x) = 0.

Since g(x) < f(x) on [0, 1], the area of R, Is given by

R, = [ [£()-9(9]dx V-1

: jol(x:” —0)dx = _[01 x3dx /
R,

41:(1)_021 :
o \A4 4




Example 5 — Solution

Therefore, the required area R is

_|_

R=R +R, = %

1
4

1
A

sguare units.




Example 6

Find the area of the region bounded by f(x) = x3 - 3x + 3 and
g(x) =x + 3.

Solution:
The region R being considered is composed of two

subregions R; and R,:




Example 6 — Solution

cont'd

To find the points of intersection, we solve simultaneously
the equationsy =x3—-3x +3andy = x + 3.

X°—3X+3=X+3

X’ —4x=0

X(x+2)(x—-2)=0
So,x=0,x=-2,and x = 2.

The points of intersection of
the two curves are (—2, 1),
(0, 3), and (2, 5).




Example 6 — Solution

cont'd

Note that f(x) > g(x) for [- 2, O], so the area of region R, Is
given by

R = [ [f()-g(9]x

.'_02[(X3 ~3x+3)— (x+3) ] dx
J‘_OZ (x° —4x)dx

0
_l oy
4




Example 6 — Solution

Note that g(x) = f(x) for [O, 2], so the area of region R, IS
given by

R, = [ [90~ f (%]

",
0

. | (x+3)—(x* ~3x+3) | dx

2
= | (= +4x)olx

2

__Liop
4

0

=—4+8=4




Example 6 — Solution

Therefore, the required area R is
R=R +R,=4+4=38

sguare units.




